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INTRODUCTION
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ÅDiscount for lack of marketability (DLOM) can be modeled as the value of a 
foregone put option.

ÅThis presentation explains how to generalize the average-strike put option DLOM 
model to calculate the DLOM for a restriction period of any specified length.

ÅIt also suggests how to calculate the DLOM when the length of the restriction 
period is uncertain.

ÅI will explain how the relationship between the schedule of DLOMs for restriction 
periods of different lengths can be viewed as a term structure of DLOMs, which I 
will show you behaves just like the term structure of interest rates.

ÅI will also present four examples to illustrate how to apply the models with market 
data.



ÅPut Option Models of the DLOM

ÅAverage-Strike Put Option DLOM Model

ÅGeneralizing the Average-Strike DLOM Model to Longer Restriction Periods 

ÅDLOM Sample

ÅFitting the DLOM Model

ÅDLOM Term Structure Shifting

ÅUsing the More General Model to Calculate DLOMs
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AGENDA
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OPTION INTUITION
ÅThe holder of an asset with impaired liquidity, for example, due to 

marketability restrictions, has a reduced ability to resell the asset or transfer 
it.

ÅThis loss of flexibility can be thought of as the loss of a put option.

ÅCost of the loss of flexibility is the value of this foregone put option. 

ÅThus, it is reasonable to model the DLOM as the value of a foregone put 
option.



THREE PUT OPTION DLOM MODELS

-5-

ÅBlack-Scholes-Merton (BSM) standard put option model (Chaffee, Business 
Valuation Review, 1993).

ÅLookback put option model (Longstaff, Journal of Finance,1995).

ÅAverage-strike put option model (Finnerty, Journal of Derivatives, 2012).
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BSM PUT OPTION DLOM MODEL ASSUMPTIONS
ÅBSM put option-pricing model (OPM) assumes a fixed strike price for the 

entire restriction period.

ÅMeasures the loss of resale flexibility with respect to a constant share price 
(i.e., the initial share price when the put option is initially at-the-money).

ÅShareholder is assumed to lose the ability to sell the shares at this price 
during the entire restriction period regardless of volatility.
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MAIN LIMITATIONS OF BSM PUT OPTION DLOM MODEL
ÅBSM put OPM will not measure the DLOM accurately because it assumes the 

strike price is fixed.

Å¢Ƙƛǎ ŀǎǎǳƳǇǘƛƻƴ ƭƛƳƛǘǎ ǘƘŜ .{a ƳƻŘŜƭΩǎ ŀǇǇƭƛŎŀōƛƭƛǘȅ ǘƻ 5[haǎ ōŜŎŀǳǎŜ ǘƘŜ 
potential selling prices the asset holder faces are not fixed.

Å!ƴ ŀǎǎŜǘ ƘƻƭŘŜǊΩǎ ƭƻǎǎ ƻŦ ǘƛƳƛƴƎ ŦƭŜȄƛōƛƭƛǘȅ ǎƘƻǳƭŘ ōŜ ƳŜŀǎǳǊŜŘ ǊŜƭŀǘƛǾŜ ǘƻ ǘƘŜ 
opportunity she would have to sell at any of these market prices were there 
ƴƻ ǊŜǎǘǊƛŎǘƛƻƴǎ ƻƴ ǘƘŜ ŀǎǎŜǘΩǎ ǘǊŀƴǎŦŜǊŀōƛƭƛǘȅΦ 
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LOOKBACK PUT OPTION DLOM MODEL ASSUMPTIONS
ÅAssumes the standard BSM share price equation.

ÅLength of the restriction period is fixed.

ÅZero dividends.

ÅLookback put OPM measures the loss of resale flexibility with respect to the 
maximum price of the unrestricted shares during the restriction period.
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MAIN LIMITATIONS OF LOOKBACK PUT OPTION DLOM MODEL
ÅInvestors are assumed to have perfect market-timing ability.

ÅIn the absence of the marketability restrictions, investors are assumed to be 
able to identify the maximum price during the restriction period ςeven 
though it has not ended yet ςand to be able to sell the shares immediately.



ÅPut Option Models of the DLOM

ÅAverage-Strike Put Option DLOM Model

ÅGeneralizing the Average-Strike DLOM Model to Longer Restriction Periods 
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ÅUsing the More General Model to Calculate DLOMs
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AVERAGE-STRIKE PUT DLOM MODEL ASSUMPTIONS
ÅInvestors do not have any special market-timing ability.

ÅAbsent the marketability restrictions, investors are assumed to be equally 
likely to sell the shares any time during the restriction period.

ÅDistribution of the sum of independent lognormal random variables is 
approximately lognormal with the same first two moments.

ÅAssumes the standard BSM share price diffusion process.

ÅLength of the restriction period is fixed.

ÅAverage-strike put OPM measures the loss of resale flexibility with respect to 
the average price of the unrestricted shares during the restriction period.

-11-



AVERAGE-STRIKE PUT OPTION DLOM MODEL
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ÅAverage-strike put OPM formula is:

ὈὝ ὠὩ ὔ ὔ (3) 

ὺὝ „Ὕ ὰὲςὩ „Ὕ ρ ςὰὲὩ ρ
ϳ

(4)

T = length of the restriction period
V0 = current share price
s= volatility of the stock 
q = dividend yield (constant)
N(·) = standard normal cumulative distribution function (cdf)



Table 1
Relationship between the Volatility Parameters v ŀƴŘ ˋ ƛƴ ǘƘŜ 

Average-Strike Put Option DLOM Model

This table indicates the relationship between the volatility parameters a˄nd ̀ . The volatility ˄ is 
calculated from equation (4).
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v

ˋ T = 0.5 T = 1.0 T = 2.0 T = 5.0

10% 5.77% 5.77% 5.76% 5.75%

20% 11.53% 11.51% 11.47% 11.35%

30% 17.26% 17.19% 17.06% 16.67%

40% 22.94% 22.79% 22.47% 21.54%

50% 28.57% 28.26% 27.66% 25.83%

60% 34.12% 33.60% 32.54% 29.43%

70% 39.59% 38.75% 37.08% 32.26%

80% 44.95% 43.70% 41.22% 34.31%

90% 50.20% 48.42% 44.91% 35.67%

100% 55.31% 52.88% 48.12% 36.48%



LIMITATIONS OF AVERAGE-STRIKE PUT OPTION DLOM MODEL
ÅAverage-strike put OPM tends to understate the DLOM when the stock price 

volatility is less than 45% or greater than 75%. 

ÅTends to overstate the DLOM when the stock price volatility is between 45% 
and 75%.

ÅAlso appears to be less accurate for longer restriction periods, particularly for 
higher-volatility stocks.
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COMPARISON OF THE THREE PUT OPTION DLOM MODELS
ÅBSM put OPM is restrictive because of the fixed strike price assumption.

ÅLookback put OPM is unrealistic because it assumes perfect market-timing 
ability.

ÅAverage-strike put OPM provides an approximation because of the 
lognormality assumption but seems to fit empirically observed private 
placement discounts rather well for restriction periods up to 2 years.
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GENERALIZING THE AVERAGE-STRIKE PUT OPTION DLOM 
MODEL TO LONGER RESTRICTION PERIODS 
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ÅBasic average-strike put option DLOM model is best suited to calculating DLOMs 
for restriction periods up to 2 years in length.

ÅTwo-year period is the longest Rule 144 restriction period in the sample of 
discounts Finnerty (2012) tested.

ÅThe average-strike put option DLOM model is a little more accurate for a 1-year 
restriction period than for a 2-year restriction period.

ÅBut it is less accurate for longer restriction periods, particularly for high-volatility 
stocks.

ÅAverage-strike put option DLOM model can be generalized to accommodate longer 
restriction periods.
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GENERALIZED AVERAGE-STRIKE PUT OPTION DLOM MODEL
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ÅGeneralize the basic average-strike put option DLOM model to a restriction 
period of any fixed length Lby modeling the L-year DLOM as the value of the 
1-year DLOM compounded over Lyears.  

ÅSet T= 1 in the basic average-strike put option DLOM model to obtain the 1-
year marketability discount formula:

(5)

(6)

Ὀρ ὠπÅ .
ὺ

ς
.

ὺ

ς

ὺ sς ὰὲςÅs sς ρ ςὰὲÅs ρ
Ⱦ



CONTINUOUSLY COMPOUNDED PERCENTAGE MARKETABILITY 
DISCOUNT PER YEAR (D)
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ÅThe percentage marketability discount is:

ÅThe continuously compounded percentage marketability discount per year ɲ
satisfies the equation:

(8)

(7)

ῳ ὰὲρ ὖ ὰὲρ Å .
ὺ

ς
.

ὺ

ς

ὖ
Ὀρ

6π



GENERALIZED AVERAGE-{¢wLY9 t¦¢ ht¢Lhb 5[ha ah59[ όŎƻƴǘΩŘύ
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ÅOne might think of the percentage discount per year for restriction periods 
of different lengths as forming a DLOM term structure analogous to the term 
structure of interest rates.

ÅGeneralized DLOM model can take this behavior into account.

Å¢ŜǊƳ ǇǊŜƳƛǳƳ ǊŜŦƭŜŎǘǎ ŀ Ǌƛǎƪ ŀǾŜǊǎŜ ƛƴǾŜǎǘƻǊΩǎ ƳƻǊŜ ǇǊƻƭƻƴƎŜŘ ŜȄǇƻǎǳǊŜ ǘƻ 
the risk of an increasingly negatively skewed fat-tailed return distribution.

ÅGreater uncertainty associated with being resale restricted for a longer 
restriction period.
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ÅCompounding ɲforward Lperiods leads to the following formula for the 
average-strike put option DLOM:

Ὀᶻῳȟὒ ρ Ὡ ρ ρ Å . .

where v is given by equation (6).

ÅNote that D*(ɲ,0) = 0 and that D*(ɲ,L) approaches 1 as L increases.

GENERALIZED AVERAGE-{¢wLY9 t¦¢ ht¢Lhb 5[ha ah59[ όŎƻƴǘΩŘύ

(9)
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ÅFor the special case of a non-dividend-paying stock (q = 0), equation (9) 
simplifies to:

Ὀᶻῳȟὒ ρ ςὔ

ÅFigure 1 illustrates the behavior of D*(ɲ,L)for different values of the stock 
price volatility ̀ .

ÅD*(ɲ,L)is an increasing function of Land ̀ .

GENERALIZED AVERAGE-{¢wLY9 t¦¢ ht¢Lhb 5[ha ah59[ όŎƻƴǘΩŘύ

(10)



Figure 1
D*(ɲ, L)Given by Equation (9)

This figure illustrates the concave increasing behavior of the DLOM as the restriction period lengthens. It plots the DLOM expressed by equation (9), Ὀᶻῳȟὒ, 
which is a function of the continuously compounded percentage marketability discount for a one-year restriction period ɲand the length of the restriction period 
L. The value of ɲdepends on the stock price volatility .̀ The figure also plots the limiting case expressed by equation (11).
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Figure 2
Comparison of the Two Average-Strike Put Option DLOM Models

This figure compares the average strike put option model DLOM expressed by equations (3) ς(4) and the generalized model (9) DLOM for restriction periods up 
to about two years.
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MODIFIED MARKETABILITY DISCOUNT, Ὀ◕ȟὒ
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ÅMarketability discount D*(ɲ,L) in equation (9) can be modified to incorporate 
a term premium (or discount) by adjusting the continuously compounded 
percentage marketability discount per year ɲ. 

ÅCan add a restriction-specific illiquidity term premium (or discount, if 
negative), which I denote †= ̱ (ɲ,L), which depends on ɲand L.

ÅThe formula for the modified DLOM is:

(12)

Ὀῳȟὒ ρ Ὡ ȟ

ρ Ὡ ȟ ρ Ὡ ὔ
ὺ

ς
ὔ

ὺ

ς
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DLOM SAMPLE
Å5,333 private equity sales between June 1985 and April 2017 by privately 

owned U.S. firms that eventually went public.

ÅObtained the sample from the Valuation Advisors Lack of Marketability 
Discount Study.

ÅExcluded non-U.S. transactions, convertible preferred offerings, stocks for 
which I could not identify the ticker, and transactions with a negative DLOM.

ÅRequired LҖ о ŦƻǊ ƭŀǎǘ ǇǊŜ-IPO private equity transactions and LҖ мл ŦƻǊ 
earlier pre-IPO transactions to exclude outliers.

ÅFit a term structure of ex post implied DLOMs to the full sample and two sub-
samples: last pre-IPO transactions and earlier pre-IPO transactions.
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This figure fits four probability distributions, the exponential, log-normal, gamma, and Weibull distributions, to the empiricaldistribution of the restriction period 
L for the private equity transaction sample. Panel A fits the distributions to the 1,589 last pre-IPO private equity transactionsbetween December 1985 and April 
2017. Panel B fits the distributions to the 3,744 earlier pre-IPO private equity transactions between June 1985 and January 2017. The Kolmogorov-Smirnov test is 
used to test the goodness-of-fit of the fitted distribution to the empirical distribution. The results of stricter goodness-of-fit critical values due to Lilliefors for tests 
of normality (1967) and exponentiality (1969) are also provided.
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Panel A. Last Pre-IPO Equity Transactions

Figure 4
Comparison of L Distributions for the Last and the Earlier Pre-IPO Transactions

Exponential Log-Normal Gamma Weibull

Shape Parameter/Mu 0.58 -0.97 1.33 1.15

Scale 

Parameter/Sigma
-- 1 0.44 0.61

K-S statistic 0.0661 0.0378 0.0522 0.0522

Standard K-S Test

p Value
0.0018 0.2032 0.0252 0.0252

Lilliefors Test p Value 0.0010 0.0010 0.0010 0.0010
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Panel B. Earlier Pre-IPO Equity Transactions

Figure 4 (continued)
Comparison of L Distributions for the Last and the Earlier Pre-IPO Transactions

Exponential Log-Normal Gamma Weibull

Shape Parameter/Mu 2.40 0.48 1.42 1.18

Scale 

Parameter/Sigma
-- 0.90 1.68 2.55

K-S statistic 0.1066 0.0769 0.1205 0.1140

Standard K-S Test

p Value
<.0001 <.0001 <.0001 <.0001

Lilliefors Test p Value <.0001 <.0001 <.0001 <.0001



Table 2
Sample Description

Panel A provides a summary financial description of the 1,609 firms in the marketability discount sample. The financial data pertain to the fiscal year the firm 
went public. In the first column under each header, the sample contains 1,466 firms with IPO dates ranging from March 1986 toJune 2017 for which all the pre-
IPO private equity transactions were at an implied marketability discount, Ὀ π. In the second column under each header, the sample contains 122 firms with 
IPO dates ranging from May 1996 to April 2017. Panel B provides a breakdown of the sample of 5,333 private equity transactions based on the number of firms 
that went public each year broken down by industry. Panel C provides a breakdown of the sample based on the number of privateequity transactions each year 
broken down by industry. Panel D reports the clustering of private equity transactions based on the number of private equity transactions for each of the 1,609 
firms in the sample. 
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Panel A. Firm Descriptive Financial Data (Millions of Dollars)a

Annual Revenue Annual Net Income Total Assets at Year-End
Book Value of Equity at 

Year-End

Market Capitalization at 

Year-End 

Adjusted Discount
Discounts 

Only

Discounts 

and 

Premiums

Discounts 

Only

Discounts 

and 

Premiums

Discounts 

Only

Discounts 

and 

Premiums

Discounts 

Only

Discounts 

and 

Premiums

Discounts 

Only

Discounts 

and 

Premiums
Number of Firms 1,466 122 1,466 122 1,466 122 1,466 122 1,466 122
Minimum 0 0 -3,445.07 -468.83 1.93 17.33 -8,258.01 -2,111.01 3.37 29.84
First Quartile 19.14 36.83 -27.31 -28.87 71.49 99.02 43.78 43.95 179.58 220.94
Median 69.12 103.08 -5.03 -2.50 140.15 144.72 85.02 80.25 445.57 355.61
Mean 511.38 277.35 -6.16 -5.81 831.40 585.49 190.58 113.84 1,188.94 672.77
Third Quartile 228.91 273.50 8.27 11.21 386.08 296.95 167.13 151.04 1,084.62 679.80

Maximum
135,592.0

0
4,738.00 6,172.00 217.00 151,828.00 18,242.88 24,277.02 1,347.76 63,141.93 5,452.04

Percentage 

Negative
-- 62.12% 58.97% -- 10.02% 11.21% --

aNot all firms have financial data available on Compustator Bloomberg for their IPO year. In the first column, data were available for 1,466 of 1,486 firms. In the second column, data were available for 122 of 123 firms.



Å±ŀƭǳŀǘƛƻƴ !ŘǾƛǎƻǊǎ ŘŀǘŀōŀǎŜ ǊŜǇƻǊǘǎ ǘƘŜ άǘǊǳŜ ŦŀƛǊ ƳŀǊƪŜǘ ǾŀƭǳŜέ ƻŦ ǘƘŜ 
common stock for each private equity transaction in accordance with SEC 
guidelines.

ÅIt does not make any adjustment for the change in value that would be 
expected to occur between the private equity transaction date and the IPO 
date.

ÅI calculated the sample DLOMs in the following manner:

ὈὩίὸ

Ὅὖὕ
ρ ὶ ρ ὶ ȣ ρ ὶ Ὓ

Ὅὖὕ
ρ ὶ ρ ὶ ȣ ρ ὶ

(13)

-31-

DLOM ESTIMATION
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FITTING THE DLOM TERM STRUCTURE MODEL
ÅI assumed a mathematical form for the model general enough to allow for 

the different shapes observed for the interest rate term structure.
Å/ƻƴǘǊƻƭƭŜŘ ŦƻǊ ǘƘŜ ŜŦŦŜŎǘ ǘƘŀǘ ŀ ŦƛǊƳΩǎ ƛƴŘǳǎǘǊȅ ƳƛƎƘǘ ƘŀǾŜ ƻƴ ǘƘŜ ŀǇǇǊƻǇǊƛŀǘŜ 

DLOM by adding industry dummy variables (Ij in the model). 
ÅAlso controlled for the possibility that a buoyant IPO market in the year the 

firm went public might have biased upward the value calculated for Ὀby 
adding a control variable IPOt, which is equal to the number of IPOs in the 
IPO year divided by the annual average number of IPOsin the sample.
ÅI estimated the following model for the full sample and separately for the last 

pre-IPO transactions and the earlier pre-IPO transactions:

ὰὲρ Ὀ ὧ ὧὒ ὧὒ ὧὒ ὧῳὒ ὦὍὒ ὦὍὒ ὦὍὒ Ễ ὦ Ὅὒ ὩὍὖὕ (16)
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Table 5
Parameter Estimation for the DLOM Term Structure Model

This table reports the results of fitting the regression model Equation (18) ὰὲρ Ὀ ὧ ὧὒ ὧὒ ὧὒ ὧЎὒ ὦὍὒ Ễὦ Ὅὒ ὩὍὖὕ, which 
includes the continuously compounded marketability discount as the dependent variable, four independent variables measuring the effect of the length of the 
restriction period, industry fixed effects variables, and the IPO control variable. Ὀ πfor every sample transaction. Interacting Ij with Ladjusts the DLOM per 
period, ὰὲρ Ὀ /L, for industry fixed effects. The errors are clustered at the issuer level. I apply the Liang-Zeger(1986) procedure to calculate asymptotically 
consistent estimators and clustering-adjusted robust standard errors.

The continuously compounded discount is calculated as the difference between the adjusted IPO price (the IPO price discountedby the industry returns) and the 
transaction price divided by the adjusted IPO price. Holding period is the difference between the IPO date and the private transaction date. The implied 
marketability discounts are winsorizedusing the Longstaff(1995) model price as the upper bound. Ўis calculated from equation (7). The industry dummy 
variables are based on the Fama-French 12-industry classification system. The IPO control variable is the ratio of the number of IPO offerings in the year the ŦƛǊƳΩǎ 
IPO occurred to the average annual number of IPO offerings during the time period in which private equity transactions in thesample took place,1985 to 2017.
The sample for the regression results reported in the left three columns contains the full sample of 5,333 private equity transactions between June 1985 and 
April 2017 after eliminating outliers consisting of 43 last pre-IPO transactions with L > 3 years and 15 earlier pre-IPO transactions with L > 10 years. The sample 
for the regression results reported in the middle three columns includes 1,589 last pre-IPO private equity transactions with L limited to 3 years to eliminate 
outliers. The sample for the regression results reported in the right three columns includes 3,744 earlier pre-IPO private equity transactions with L limited to 10 
years to eliminate outliers.
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Table 5 (continued)
Parameter Estimation for the DLOM Term Structure Model

-35-

All Private Equity Transactions All Last Pre-IPO Transactions All Earlier Pre-IPO Transactions

Variable Coefficient Standard Error t-Statistics Coefficient Standard Error t-Statistics Coefficient Standard Error t-Statistics
Intercept 0.0001 0.0324 0.00 0.0383 0.0289 1.32 0.1582 0.0504 3.14a

L 0.4413 0.0570 7.74a 0.0282 0.1675 0.17 0.2877 0.0717 4.01a

ὒ -0.0861 0.0140 -6.16a -0.3814 0.1908 -2.00b -0.0472 0.0177 -2.67a

ὒ 0.0041 0.0012 3.56a 0.1220 0.0592 2.06b 0.0016 0.0014 1.17

Ўὒ 1.6833 0.1584 10.63a 4.2100 0.4063 10.36a 1.5764 0.1590 9.92a

Ὅ -0.2839 0.0692 -4.10a -0.0283 0.1615 -0.18 -0.2894 0.0671 -4.32a

Ὅ -0.1637 0.0765 -2.14b 0.1453 0.1007 1.44 -0.1728 0.0765 -2.26b

Ὅ -0.1178 0.0494 -2.38b 0.1346 0.1056 1.27 -0.1243 0.0493 -2.52b

Ὅ -0.1304 0.0489 -2.67a 0.0923 0.0926 1.00 -0.1285 0.0517 -2.49b

Ὅ 0.1497 0.1041 1.44 0.0536 0.1099 0.49 0.1582 0.1088 1.45

Ὅ 0.0379 0.0391 0.97 -0.0060 0.0876 -0.07 0.0346 0.0401 0.86

Ὅ 0.1002 0.0843 1.19 -0.0608 0.1154 -0.53 0.1040 0.0861 1.21

Ὅ -0.1367 0.0379 -3.60a 0.1298 0.1169 1.11 -0.1413 0.0399 -3.54a

Ὅ -0.0987 0.0434 -2.27b 0.0484 0.0868 0.56 -0.1037 0.0448 -2.31b

Ὅ 0.0055 0.0381 0.15 0.0122 0.0833 0.15 0.0038 0.0390 0.10

Ὅ -0.0818 0.0392 -2.08b 0.0325 0.0723 0.45 -0.0868 0.0403 -2.15b

Ὅὖὕ 0.2177 0.0266 8.19a 0.0925 0.0145 6.37a 0.2960 0.0401 7.38a

N 5333 1589 3744

R-Square 0.4789 0.4999 0.4068

Adj R-Square 0.4774 0.4948 0.4042

F-statistic 305.39 98.21 159.72

Prob(F-statistic) <.0001 <.0001 <.0001

Akaike info criterion 12538.62 1296.44955 9752.04565

Schwarz criterion 12650.51 1387.75417 9857.92011

Hannan-Quinn criterion 12577.71 1330.36572 9789.70174

Durbin-Watson stat 1.18 2.0335 1.206

a Significant at the .01 level. b Significant at the .05 level. c Significant at the .10 level.



ÅPut Option Models of the DLOM

ÅAverage-Strike Put Option DLOM Model

ÅGeneralizing the Average-Strike DLOM Model to Longer Restriction Periods 

ÅDLOM Sample

ÅFitting the DLOM Model

ÅDLOM Term Structure Shifting

ÅUsing the More General Model to Calculate DLOMs

-36-

AGENDA



These figures show the DLOM and DLOMPY term structures implied by the DLOM term structure regression models in Table 5. The DLOMPY term structure is 
obtained by converting Ὀƛƴ Ŝǉǳŀǘƛƻƴ όмнύ ǘƻ ŀƴ ŜǉǳƛǾŀƭŜƴǘ ŀƴƴǳŀƭƭȅ ŎƻƳǇƻǳƴŘŜŘ ōŀǎƛǎ ŀǇǇƭȅƛƴƎ Ŝǉǳŀǘƛƻƴ όмтύΦ !ŘƧǳǎǘŜŘ 5ƛǎŎƻǳƴǘ җ л҈ ŦƻǊ ŀƭƭ ǇǊƛǾŀǘŜ Ŝǉuity 
transactions. Adjusted Discount is equal to the Longstaff(1995) upper bound when Adjusted Discount would otherwise exceed this upper bound. The DLOM and 
DLOMPY term structures are plotted for four representative stock price volatilities, =̀ 0.25, ̀ = 0.5, ̀ = 0.75, and ̀ = 1.0, which reflect the volatilities of the 
stocks of the sample firms in the 12 months after the firms go public.
Panel A plots the DLOM term structure for all transactions in the sample, and Panel B plots the corresponding DLOMPY term structure. Panel C plots the DLOM 
term structure for the last pre-IPO private equity transactions, and Panel D plots the corresponding DLOMPY term structure. Panel E plots the DLOM term 
structure for the earlier pre-IPO private equity transactions, and Panel F plots the corresponding DLOMPY term structure.
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Panel A. DLOM Term Structure for All Pre-IPO Private Equity Transactions

Figure 5
Fitted Term Structures for DLOM and DLOM Per Year

Panel B. DLOM Term Structure for All Pre-IPO Private Equity Transactions



Table 8
Principal Components Analysis of the DLOM Term Structure

Principal components analysis is applied to the implied marketability discount ὈὩίὸin equation (13) for five restriction periods of different length,  πȟφ, πȟχ, 
πȟψ, πȟω, and πȟρπ, to determine the relative importance of the fundamental common latent factors that are responsible for the annual shifts inthe DLOM 

term structure. The full sample contains 5,333 private equity transactions between June 1985 and April 2017 after removing outliers consisting of 43 last pre-IPO 
transactions with L > 3 years and 15 earlier pre-IPO transactions with L > 10 years. Each restriction range is divided into annual intervals. The implied 
marketability discounts are winsorizedusing the Longstaff(1995) model price as the upper bound, and the discounts are averaged when there is more than one 
private equity transaction within the same annual restriction interval during the calenderyear. Each calenderyear included in the analysis has at least 90 private 
equity transactions that span the entire indicated restriction range to ensure an adequate-sized annual transaction sample. 

L Range [0, 6] [0, 7] [0, 8] [0, 9] [0, 10]

Data Range 1995-2012 1995-2011 1995-2009 1995-2008 1995-2008

Explained % Cum % Cum % Cum % Cum % Cum

Factor 1 56.18% 56.18% 49.50% 49.50% 47.37% 47.37% 40.05% 40.05% 36.37% 36.37%

Factor 2 20.53% 76.72% 24.89% 74.39% 22.00% 69.37% 25.63% 65.68% 23.62% 60.00%

Factor 3 13.11% 89.83% 12.82% 87.20% 13.98% 83.35% 14.80% 80.49% 14.15% 74.14%

Factor 4 5.54% 95.36% 5.34% 92.54% 7.65% 91.00% 8.30% 88.79% 10.96% 85.10%

Additional . 4.64% . 7.46% . 9.00% . 11.21% . 14.90%
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These figures show the DLOM term structures and the DLOM per year term structures estimated from the DLOM term structure regression models for four sub-
periods: 1992 to 2000 (high frequency of IPOs), 2001 to 2006 (pre-financial crisis), 2007 to 2010 (financial crisis), and 2011 to 2017 (post-financial crisis). The term 
structures are obtained by converting the continuously compounded DLOMs to equivalent annually compounded DLOMs. Adjusted Discouƴǘ җ л҈ ŦƻǊ ŀƭƭ ǇǊƛǾŀǘŜ Ŝǉǳƛǘȅ 
transactions. Adjusted Discount is equal to the Longstaff(1995) upper bound when Adjusted Discount would otherwise exceed this upper bound. The DLOM and 
DLOM per year term structures are plotted for stock price volatility =̀ 0.75, which reflects stock volatility in the 12 months after a firm goes public. 
Panel A plots the DLOM term structures for all private equity transactions in the sample, and Panel B plots the correspondingDLOM per year term structures. Panel C 
plots the DLOM term structures for the last pre-IPO private equity transactions, and Panel D plots the corresponding DLOM per year term structures. Panel E plots the 
DLOM term structures for the earlier pre-IPO private equity transactions, and Panel F plots the corresponding DLOM per year termstructures
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Panel A. DLOM Term Structure for All Pre-IPO Private Equity Transactions

Figure 8
Comparison of Four Fitted Term Structures for DLOM and DLOM Per Year

Panel B. DLOM Per Year Term Structures for All Pre-IPO Private Equity Transactions



ÅPut Option Models of the DLOM

ÅAverage-Strike Put Option DLOM Model

ÅGeneralizing the Average-Strike DLOM Model to Longer Restriction Periods 

ÅDLOM Sample

ÅFitting the DLOM Model

ÅDLOM Term Structure Shifting

ÅUsing the More General Model to Calculate DLOMs
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APPLYING THE DLOM MODELS
ÅThe basic average-strike put option DLOM model can be used to estimate a DLOM 

for a Rule 144 offering of unregistered common stock by a public company.

ÅMore generally, it can be used to estimate a DLOM for any offering of unregistered 
common stock by a public company when the restriction period is fixed and does 
not exceed two years.

ÅThe models developed in the preceding slides are useful when a privately held 
company issues common stock and the timing of the future liquidity event can be 
reasonably estimated.

ÅThey might also be useful when the timing of the future liquidity event is uncertain 
provided a probability distribution for the liquidity event can be assumed.
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LAST COMMON STOCK OFFERING BEFORE A LIQUIDITY EVENT

ÅLŦ ǘƘŜ ǇǊƛǾŀǘŜ Ŝǉǳƛǘȅ ǘǊŀƴǎŀŎǘƛƻƴ ƛǎ ŜȄǇŜŎǘŜŘ ǘƻ ōŜ ǘƘŜ ƛǎǎǳŜǊΩǎ ƭŀǎǘ ōŜŦƻǊŜ ƛǘ 
goes public, then apply the following model: 

ÅThis model was estimated using the portion of the DLOM sample that 
consists of the last pre-IPO private equity transactions.

ÅThe model assumes that L, the time until the liquidity event is expected to 
occur, can be reasonably estimated.

ÅὦὮὍὮὒrefers to the industry adjustment.

Ὀ ρ ὩὼὴπȢπσψσπȢπςψςὒπȢσψρτὒ πȢρςςπὒ τȢςρππῳὒὦὍὒ (18)
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MULTIPLE COMMON STOCK OFFERINGS ARE PLANNED BEFORE 
THE IPO (OR ANY OTHER LIQUIDITY EVENT)
ÅIf the IPO seems to be a long way off but nevertheless Lcan be reasonably 

estimated and if multiple common stock offerings are planned prior to a 
liquidity event occurring, then apply the following model:

ÅThe model was estimated using the portion of the DLOM sample that 
consists of the earlier pre-IPO private equity transactions.

Ὀ ρ ὩὼὴπȢρυψςπȢςψχχὒπȢπτχςὒ πȢππρφὒ ρȢυχφτῳὒὦὍὒ (19)
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UNCERTAIN WHETHER THE COMMON STOCK OFFERING IS THE 
LAST BEFORE A LIQUIDITY EVENT
ÅIf the expected length of the restriction period can be reasonably estimated 

and it is uncertain whether the equity private placement might be the 
ƛǎǎǳŜǊΩǎ ƭŀǎǘ ōŜŦƻǊŜ ŀ ƭƛǉǳƛŘƛǘȅ ŜǾŜƴǘ ǘŀƪŜǎ ǇƭŀŎŜΣ ǘƘŜƴ ŀǇǇƭȅ ǘƘŜ ŦƻƭƭƻǿƛƴƎ 
model:

ÅThe model was estimated using the full DLOM sample, which includes all the 
last pre-IPO private equity transactions and all the earlier pre-IPO private 
equity transactions.

Ὀ ρ Ὡὼὴ πȢπππρπȢττρσὒπȢπψφρὒ πȢππτρὒ ρȢφψσσῳὒὦὍὒ (20)
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EXAMPLE: Fuel Systems Solutions, Inc.
Private Placement Discount

Terms and Parameters

Offer Date 12/18/2013
Offer Price $6.40
Closing NASDAQ Price (day of offering) 8.13
Closing NASDAQ Price (day prior) 7.37
Shares Sold 1,500,000
Shares Outstanding Prior to Offering 17,003,000
!ǾŜǊŀƎŜ ²ŜŜƪƭȅ ¢ǊŀŘƛƴƎ ±ƻƭǳƳŜ όп ǿŜŜƪǎΩ ƘƛǎǘƻǊƛŎŀƭ Řŀǘŀύ1,141,194
1% of Shares Outstanding 170,030
Offering Gross Proceeds 9,600,000
Minimum Holding Period (years) 1.000
Average Block Size (years to sell) 1.103[1]

Total Restriction Period (years) 2.103
±ƻƭŀǘƛƭƛǘȅ όнп ƳƻƴǘƘǎΩ ƘƛǎǘƻǊƛŎŀƭ Řŀǘŀύ88%
Dividend Yield 0%

[1] Average Block Size (years to sell) = 1/2 * Shares Sold in Offering / [Min (AvgWeekly Trading Volume Four Weeks Prior to Offering, 1% of Shares Outstanding) * 4].
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EXAMPLE: Fuel Systems Solutions, Inc.
Private Placement Discount

Marketability Discount Applying Basic Average-Strike Put Option DLOM Model

Discount (day of offering) 21.3%

Discount (day prior to offering) 13.2%

Average-Strike Put Option Model-Predicted Discount (equations (3)-(4) on slide 12) 25.0%

Lookback Put Option Model-Predicted Discount > 100.0%

Black-Scholes-Merton Put Option Model-Predicted Discount           
(r = 1.24% on day of offering)

45.8%
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EXAMPLE: Purple Beverage Company, Inc.
Last Private Equity Transaction Prior to IPO

Terms and Parameters

Offer Date 4/2/2018

Offer Price Pre DLOM $10.00

Shares Offered 3,000,000

Shares Outstanding Prior to Offering 20,000,000

Years to Planned IPO 2.000

IPO Lock-up Period 0.500

Average Block Size (years to sell) 0.111[1]

Total Restriction Period (years) 2.611

Volatility (comparable public stocks) 35.00%

Dividend Yield 0.00%

[1] Average Block Size (years to sell) = 1/2 * Shares Sold in Offering / (0.2 x Average Weekly Trading Volume * 52].
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EXAMPLE: Purple Beverage Company, Inc.
Last Private Equity Transaction Prior to IPO

Marketability Discount Calculation

Volatility (s) 35.00%

Volatility Parameter (v) [equation (6) on slide 18] 20.00%

Continuously Compounded Percentage Marketability
Discount Per Year (D) [equation (8) on slide 19]

8.30%

Length of Restriction Period (L) (years) 2.611

Industry Adjustment (Nondurables ςIndustry 1)
[Coefficient for I1 for All Last Pre-IPO Transactions on slide 35]

-0.0283

DLOM [equation (18) on slide 42] 40.67%
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Terms and Parameters

Offer Date 7/31/2019

Offer Price Pre DLOM $5.00

Shares Offered 4,000,000

Shares Outstanding Prior to Offering 20,000,000

Expected Holding Period (years) 5.000

Volatility (comparable public stocks) 45.00%

Dividend Yield 0.00%

EXAMPLE: Huron Manufacturing Company, Inc.
Not the Last Transaction Prior to IPO
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Marketability Discount Calculation

Volatility (s) 45.00%

Volatility Parameter (v) [equation (6) on slide 18] 25.54%

Continuously Compounded Percentage Marketability
Discount Per Year (D) [equation (8) on slide 19]

10.72%

Length of Restriction Period (L) (years) 5.000

Not the Last Transaction Before IPO
Industry Adjustment (Manufacturing ςIndustry 3)

[Coefficient for I3 for All Earlier Pre-IPO Transactions on slide 35]
-0.1243

DLOM [equation (19) on slide 43] 56.82%

Uncertain Whether Last Transaction Before IPO

Industry Adjustment (Manufacturing ςIndustry 3)
[Coefficient for I3 for All Earlier Pre-IPO Transactions on slide 35]

-0.1178

DLOM [equation (20) on slide 44] 58.50%

EXAMPLE: IǳǊƻƴ aŀƴǳŦŀŎǘǳǊƛƴƎ /ƻƳǇŀƴȅΣ LƴŎΦ όŎƻƴǘΩŘύ



RESTRICTION PERIOD OF UNCERTAIN LENGTH
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ÅEquation (12) applies when Lcan be reasonably estimated and assumed to take on 
a particular value Lwith certainty.  

ÅThe more challenging problem arises when L is uncertain. 
ÅFor example, suppose a privately held firm plans to go public.
ÅThe IPO date is uncertain.
ÅIt would be possible to use equation (12) to calculate a weighted average DLOM.
ÅEstimate a reasonable probability distribution for the potential length of the 

restriction period.
ÅChoose a representative set of possible values for L. 
ÅCalculate the DLOM associated with each restriction period L.
ÅCalculate the probability-weighted average of these DLOMs to get the desired 

DLOM.
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Terms and Parameters

Offer Date 7/31/2019

Offer Price Pre DLOM $5.00

Shares Offered 4,000,000

Shares Outstanding Prior to Offering 20,000,000

Expected Holding Period (years) Uncertain

Volatility (comparable public stocks) 45.00%

Dividend Yield 0.00%

EXAMPLE: Huron Manufacturing Company, Inc.
Not the Last Transaction Prior to IPO
Restriction Period of Uncertain Length
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Marketability Discount Calculation

Volatility (s) 45.00%

Volatility Parameter (v) [equation (6) on slide 18] 25.54%

Continuously Compounded Percentage Marketability
Discount Per Year (D) [equation (8) on slide 19]

10.72%

Length of Restriction Period (L) (years) Uncertain

Lognormal Probability [m= 0.48, s= 0.90 from slide 29]

Not the Last Transaction Before IPO
Industry Adjustment (Manufacturing ςIndustry 3)

[Coefficient for I3 for All Earlier Pre-IPO Transactions on slide 35]
-0.1243

EXAMPLE: IǳǊƻƴ aŀƴǳŦŀŎǘǳǊƛƴƎ /ƻƳǇŀƴȅΣ LƴŎΦ όŎƻƴǘΩŘύ

L Interval [0,1] [1,2] [2,3] [3,4] [4,5] [5,6] [6,7] [7,8] [8,9] [9,10] [10,+] 

Year 0.5 1.5 2.5 3.5 4.5 5.5 6.5 7.5 8.5 9.5 10.0

Lognormal Prob. 9.6% 37.1% 21.9% 11.9% 6.8% 4.1% 2.6% 1.7% 1.2% 0.8% 2.5%

DLOM [equation (19) on slide 43] 26.86% 42.64% 51.28% 55.59% 56.99% 56.15% 53.40% 48.86% 42.61% 34.77% 30.33%

DLOM x Prob. 2.58% 15.81% 11.23% 6.60% 3.86% 2.29% 1.38% 0.83% 0.49% 0.28% 0.74%

Probability-Weighted Average DLOM = 46.09%



QUESTIONS?


